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Abstract. In this paper, the gauge transformation of the constrained semi-discrete KP(cdKP) 
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1. Introduction 

The semi-discrete Kadomtsev-Petviashvih (dKP) hierarchy [H El El HI El |6] is an attractive 
research object in the field of the discrete integrable systems. The dKP hierarchy is defined 
by means of the difference derivative A instead of the usual derivative d with respect of x in a 
classical system [HE], and the continuous spatial variable is replaced by a discrete variable n. 
By using a non-uniform shift of space variable, the r-function of KP hierarchy implies a special 
kind of r-function for the semi-discrete KP hierarchy [2]. The ghost symmetry of the dKP 
hierarchy is constructed by using the additional symmetry The dKP hierarchy possesses 
an infinite dimensional algebra structure [5J. Very recently, the continuum limit of the dKP 
hierarchy is given in ref. [H]. 

Gauge transformation is one kind of powerful method to construct the solutions of the in- 
tegrable systems for both the continuous KP hierarchy |9l [101 [HI [I2l [IS [H] and the dKP 
hierarchy [1 5 [ [T6] . The multi-fold of this transformation is expressed directly by determinants 
[T^ [16] . and is used to construct multiple wave solutions to the generalized KP and BKP 
equations [T7]. This transformation is also applicable to the so-called constrained KP hierarchy 
im nil [201 [2ll [22] . It is known that there are two types of gauge transformation: differential 
type Td and integral type Tj. Because of the reduction conditions of the BKP hierarchy and the 
CKP hierarchy, it is necessary to consider the pair of and Tj. This has been used to construct 
the two-peak soliton [23] and to construct the gauge transformation of the constrained BKP 



* Corresponding author: hejingsong@nbu.edu.cn. 

1 



2 



MAOHUA LI^'^ JIPENG CHENG^ JINGSONG HE^* 



hierarchy and the constrained CKP hierarchy [24j. And it is known that the KP hierarchy has 
been generahzed to constrained flows and extended flows with self-consistent sources It 
is interesting to note that the determinant representation of the dressing transformation of the 
extended two-dimensional Toda lattice hierarchy is also developed [26]. 

Similar to the constrained KP hierarchy [271 [281 [29] , constrained semi-discrete KP(cdKP) 
hierarchy [30] is defined by |^ = [(L')+,L] with a Lax operator L = A + YliLiQi{t)^~^^iii)- 
The so called discrete non-linear Schrodinger (generalized DNLS) equation [31] 

Qi,t2 = A^gi + 2qfri, 
ri,t2 = -A*Vi + 2qirl, 

can be generated from the t2 flows of cdKP hierarchy. Further the additional symmetry of 
the cdKP hierarchy is constructed in ref. [30], which shows that the constraint in the dKP 
hierarchy preserves the symmetry structures with very minor modification. However the gauge 
transformation of the cdKP hierarchy has not appeared in literatures. 

The purpose of this paper is to construct the gauge transformation of the cdKP hierarchy. As 
we shall show, it is not a trivial task to reduce the gauge transformation of the dKP hierarchy 
to the cdKP hierarchy. For the cdKP hierarchy, the transformed eigenfunctions and the adjoint 
eigenfunctions can not be conserved for the originally form. If the generating functions of gauge 
transformation of the cdKP hierarchy are selected from the (adjoint) eigenfunctions, we get the 
A-Wronskian representation of the transformed r function. 

This paper is organized as follows. Some basic results of the dKP hierarchy and the cdKP 
hierarchy are summarized in Section After introducing of two types gauge transformations of 
the cdKP hierarchy, the transformation rules of the eigenfunction functions and the r function 
of the cdKP hierarchy are obtained by means of a crucial modification from the transformation 
of the dKP hierarchy in Section |3l Next the successive applications of the difference type gauge 
transformation have be discussed in Section HJ And we establish the determinant representation 
of gauge transformation operator Tm, then obtained a general form of the r-function for 
the cdKP hierarchy. Section |5] is devoted to conclusions and discussions. 

2. THE CONSTRAINED SEMI-DISCRETE KP HIERARCHY 

Let us briefly recall some basic facts about the semi-discrete KP (cdKP) hierarchy according 
to reference [2]. Firstly a space F, namely 

F = {f{n) = f{n,ti,t2,--- ,tj,---)-neZ,UeR} (2.1) 

is defined for the space of the semi-discrete KP hierarchy. A and A are denote for the shift 
operator and the difference operator, respectively. Their actions on function f{n) are defined 
as 

A/(n) = /(n + l) (2.2) 

and 



A/(n) = /(n + l)-/(n) = (A-/)/(n) 



(2.3) 
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respectively, where I is the identity operator. 

For any j G Z, the Leibniz rule of A operation is, 



oo 



1=0 ^ ^ \ / 

So an associative ring F{A) of formal pseudo difference operators is obtained, with the operation 
"+" and "o", namely F(A) = |i? = J^U-oo fM)^^^ /;» ^ R,ne z|. The adjoint operator 
to the A operator is given by A*, 

A* o f{n) = (A-i - I) fin) = f{n - 1) - /(n), (2.5) 

where A~^/(n) = f{n — 1), and the corresponding "o" operation is 

oo / . 

J 



A*^- o / = ^ M {/\*\f){n + I - j)A*^-\ (2.6) 
i=o 

Then the adjoint ring F(A*) to the F{A) is obtained, and the formal adjoint to i? G F{A) is 
defined by R* G F(A*) as R* = J2j=-oo ^*"' ° fji''^)- The " * " operation satisfies the rules as 
(F o G)* = G* o F* for two operators F and G and f{n)* = f{n) for a function /(n). 
We list some useful properties for the difference operators as following: 

Lemma 2.1. For / G F, A and A as above, the following identities hold. 

(1) AoA = AoA, (2.7) 

(2) A* = -AoA-\ (2.8) 

(3) (A-^)* = (A*)-^ = -Ao A-\ (2.9) 

(4) A-io/oA-i = (A-V)oA-i-A-ioA(A-V), (2.10) 

(5) Ao/(n) = A(/(n))oA + A(/(n)). (2.11) 

The so-called 1-constrained semi-discrete KP (cdKP) hierarchy [30] is defined by the following 
Lax equation 

— = [iL^U,L],l=l,2,.--, (2.12) 
associated with a special Lax operator 

m m 

L = L+ + 5^g,(t)A-V,(t) = A + ^g,(i)A'V,(t), (2.13) 

i=l i=l 

and qi{t) is an eigenf unction, rj(t) is an adjoint eigenfunction of the Lax operator L. The 
eigenfunction and adjoint eigenfunction qi{t),ri{t) are important dynamical variables in the 
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cdKP hierarchy. One can check that the Lax equation f l2.12p is consistent with the evolution 
equations of the eigenfunction(or adjoint eigenfunction) 

, , (2.14) 

Therefore the cdKP hierarchy in eq. fl2.12l) is well defined. From the Lax equation (12.121) . we 
get the first nontrival ^2 flow equations of the cdKP hierarchy for m = 1, / = 2 as 

qi^t, = A^Qi + 2qfn = gi(n + 2) - 2q,{n + 1) + q,{n) + 2qln, 
ri^ij = — A*^ri + 2qirl = ri{n) — 2ri{n — 1) + ri(n — 2) + 2gi(n)ri(ra)^ 

And it is so called the generalized discrete non-linear Schrodinger (generalized DNLS) equation 
[31] . It can be reduced to the discrete non-linear Schrodinger (DNLS) equation [31j by letting 
ri = q^ and a scaling transformation t2 = it2- 

3. Gauge transformations of the constrained semi-discrete KP hierarchy 

We will discuss the gauge transformations of the constrained semi-discrete KP hierarchy in 
this section. It is reported two types of gauge transformation operators for the semi-discrete KP 
hierarchy in [16]. We will extended the gauge transformation to the constrained semi-discrete 
KP hierarchy. If there exist a pseudo-difference operator T satisfying 

=ToLor-\5« = (L«)^, (3.1) 

so that 

holds for the transformed Lax operator L^^\ i.e., 

^ = [(^^^^)^,^«]; (3.2) 

then T is called a gauge transformation operator of the cdKP hierarchy. According to the 
definition of gauge transformation, we have the following criterion lemma. 

Lemma 3.1. The operator T is a gauge transformation operator, if 

dT 

(T o Bn o T-i)+ = ToBnoT-' + — oT-\ (3.3) 

or 

dT 

(ToB^oT-')_ = -—oT-\ (3.4) 

dtn 

Similar to the KP hierarchy and the cKP hierarchy, there are two types of gauge transfor- 
mation operators of the cdKP hierarchy as the following lemma: 
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Lemma 3.2. P,[l5] The cdKP hierarchy have two types gauge transformation operators, namely, 

(l).T,(g) = A(5)oAog-i, (3.5) 
{2).Ti{r) = A-\r-^) o A-'^ o r. (3.6) 

Where q and r are defined by (2J^ that are the (adjoint) eigenfunction of L in h2.13\) . which 
is called the generating functions of gauge transformation. 

Via the gauge transformations of two types, L^^^ = L becomes L^^^ by the following lemma. 

Theorem 3.3. Under the gauge transformation ofTd{q), the transformed Lax operator reads 
as 

L« = l(.') + L«, (3.7) 
= A(Lf )+A(g)oA(g-iLf g)>ioA-ioA(g-i), (3.8) 

m 

L« = g«A-VW + $:g«A-V«, (3.9) 

qi'^ = T,(g)(LW)(g),r«=A(g-i), (3.10) 
= T,(g)gf ,rf) = (r,-i)*(g)(rf). (3.11) 

Proof. 

L« = {Uq)oL('^oT-\q)U 

= (A(g) o A o o o g o A"^ o A{q-^)) + 

= (A(g) o Aiq-'LfU) o A(g-i))+ + (A(g) A(g-iLf g) o A-^ o A^q-'))^ 
= A(Lf ) + A{q)A{q-'Lfq)>,A-' o A{q-'), 

where used the identity (12. lip . 

L« = (r,(g)oLWoT-i(g))_ 

= {A{q)Aoq-^Lf oqoA-^oA{q-^))_ 

m 

+ (A(g) A oq-'oY^ ?f ^ A-Vf ^ o g o A-^ o A(g-^))^. 



i=l 



Where 



(A(g) A o g-iLf o g o A-i o A{q-^))_ 
= (T,(g)Lf og)ooA-ioA(g-i) 
= Uq)Lt\q)oA-'oA{q''), 
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and 

m 

(A(g) A oq-^oY^ gf ^ A-Vf o g o A-i o A(g-^))_ 

i=l 

^ E o ) . A-(r(%) A- o A(,-) 

i=l 

m 

- E ^<^^^) ° ° A(A-i(rf g)) ■ K{q-')) 

i=l 

m m 

= J]T,(g)(gf )A-Vf )(g)A-i o A(g-i) + T,(g)(gf A-^ o (A-i)*(rf ^g) ■ A(g-i)). 

i=l i=l 

When the above two formulas are substituted into then 

771 

lL') = T,(g)4°)(g)oA-ioA(g-^) + 5^T,(g)(gf A-Vf)(g)A-^oA(g-i) 

m 

1=1 

m 

= r,(g)(Lf + ^A-Vf )(g) o A"^ o A(g-^) 

i=l 

m 
i=l 

m 

= r,(g)LW(g) o A-i o A(g-i) + ^ r.(g)(gf ) A"' ° (T,-i(g))*(r(°)^ 

i=l 



If let gS^) = T,(g)(LW)(g), r« = A(g-i), gf ^ = r,(g)gf , rf ^ = (r7^)*(g)(rf )), we can get 
this theorem. □ 

Theorem 3.4. Under the type 2 gauge transformation Ti{r), the transformed Lax operator 
reads 

L« = + (3.12) 

lV'^ = A-^(Lf )-A-^(r-i)A-^oA*(roLf or-^)>ioA(r-^), (3.13) 

m 

L^' = gS^^A-V^ + E^f^A-Vf), (3.14) 



1=1 



g(^) = A-i(r-i),r^) = (7;"i(r))*(LW)*(r), (3.15) 
gf^ = T.(r)(gf),rf) = (rri(r))*(rf)). (3.16) 
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Proof. 

= (T,(r)oLWo7;-^(r))+ 

= {A'\r-^) o o r o Lf o r"^ o A o A-\r))+ 

= (A-'(r-i) o A-i(rLf r-i) o A-\r))+ - {A-\r-^) o A-^ o A(A-i(rLf r-^)) o A-\r))+ 

= A-i(Lf ) + (A-i(r-i)A-^ o A*(r-i o (L^ )* o r)* o A(r-i))+ 

= A-i(Lf ) + A-\r-')A-' o A*(r(Lf )* o r'')>iA{r-^), 

where used the identity (12. lip . 



= m(r)o(Lf + 5^gf)A-Vf)oTri(r)]_ 
= {A^\r-^)A-^ o rLf o r^^ o A o A(r))_ 

m 

+ (A-i(r-i) A-1 o gf ^ A'Vf V"' A o A-^(r))_. 

i=l 

Where 

(A-i(r-^)A-^ o rLf o r^^ o A o A-^(r))_ 
= (A-i(r-i) o A-i(rLf r-i) o A~\r))_ - {A-\r-^) o A-^ o A{A-\rL^^\-~^)) o A-^(r))_ 
= (A-i(Lf ))_ - (A-i(r-i) o A-i o A-\r)AA-\{rLfr~')*)*)^ 
= A-\r-')oA-'o{Tr\r)nLf^nr), 

and 



{A-\r~^)A-^ o gf ^ A^Vf V"' A o A-\r))_ 

i=l 

S A-i(r-^)A-i o A(A-i(rgf ) • A-i(rf V-^))A-^(r) 

m 

- ^ A-i(r-i)A-i(rgf ^) o A^^ o A{A-\rf\))A-\r) 

i=l 

m 

1=1 

m 

+A-\r-')A-'o{Tr\r)yC£qf^A~ 



.(0) A-V(0)^*/^^ 



i=l 
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When the above two formulas are substituted into L_ , then 

m 

L« = A-i(r-i) o o {Tr\r)r{Lfr{r)+K-\r-')^-' o (rri(r))*(^ A-Vf )*(r) 

1=1 

m 

+ Y.T:{r){q?)-^-'o{Try{r){rf^) 

i=l 

m 

= A-\r-') o o (Tri(r))*(LW)*(r) + ^ r,(r)(gf ) ■ A-^ o iTr^nr){rf^). 

1=1 

Uletqi'^ =A-\r-'),4'^ = (7;-i(r))*(L(o))*(r), ^ = r,(r)(Qf ) and rf ^ = iTr\r)yiL^'^)*{r), 
then 

m 

1=1 

□ 

Remark: Although the transformations fl3.19p and (13.221) look like as the same as the formula 
in the semi-discrete KP hierarchy, but there are main difference between the dKP hierarchy 
and the cdKP hierarchy. We can see the number of the (adjoint) eigenfunctions has added 
one after each time of gauge transformation. So for the cdKP hierarchy, to ensure that the 
gauge transformed Lax operator preserves the (12.131) . it can be q\ 

0^-1^(1) ^ Q 

some one i. 

So the generating function g, r of the gauge transformation operator T'rf(g) and Ti{r) can not 
be arbitrarily chosen. This theorem means there are two choices to keep the form of the Lax 
operator of cdKP hierarchy. They must be selected from the eigenfunction qi and the adjoint 
eigenfunction respectively. And the operator Td{qi) and Ti{ri) will annihilate their generation 
functions, i.e. , 

Td{q.d{qi) = 0,{T-\n)y in) =0,1 = 1,2,..., m. 

If the generating function of the gauge transformation in theorem 13.31 was selected for qi, then 
q^'' = Td{qi){qi) = 0. And q^^^ takes over its role. 

Theorem 3.5. (a). Under the gauge transformation L^^^ = T^^qi) o L^'^^ o T^^{qi), the eigen- 
function qf^^ = qi and adjoint eigenfunction rf^^ = ri of L^^^ = L are transformed into new 
eigenfunction qf''^ and new adjoint eigenfunction rf"^ of L'^^^ by 

q['^ = T,(gf )(L(°))(gO,rr^ = MQi'), (3-17) 
#^ =T,(gi)gr,r« = (T,-i)*(gi)(rf ), ^ = 2, ■ ■ ■ , m, (3.18) 

and the t function r^"* of L^^^ is transformed into the new t function of L^^^ by 



(1) (0) 



(3.19) 
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(b). Under the gauge transformation L^^^ = Tj(ri) o L'-'^^ o Tj ^(ri), the eigenfunction 



(0) 

(1) 



and adjoint eigenfunction r\ = ri of L^^'^ = L are transformed into new eigenfunction q] and 
new adjoint eigenfunction rf^ of L^^'' by 

g« = A-i(rr^),r« = (7^r^(rO)*(L(°))*(n), 



.(1) 



q. '=T,(r)qf^,r^^ = {Trr{r){rr>),r = 2,...,m, 



and the t function of L^*^) is transformed into the new t function r^'' of L^^'^ by 



'a 



A-^(n)rf. 

4. Successive applications of gauge transformations 



(3.20) 
(3.21) 

(3.22) 



In order to investigate the new result of successive transformations by using the gauge trans- 
formation operators, we will discuss successive applications of the difference gauge transforma- 
tion operator Td-, which is like to the classical case ^20] [22]. Firstly, we only consider the chain 
of gauge transformation operator of single- channel [20] difference type Td{qi) starting from the 
initial Lax operator L^^^ = L, 



7.(1)/„(0)n „(2), (1), „(3). (2). 



rr(n)^„(n-l)-l 



^L("\ (4.1) 

Here the index i in the gauge transformation operator Tl^^\q[^~^^) means the i-th gauge trans- 
formation, and (or r[^^) is transformed by j-steps gauge transformations from qi (or ri), 
j^{k) -g transformed by fc-step gauge transformations from the initial Lax operator L. 

Now we firstly consider successive gauge transformations in (14. ip . We define the operator as 

-,(m) / (m— 1)\ 



T 

J. rr 



J (gi I O ■ 



v.i ,^---oTf\i^)oTf\i\ (4.2) 
in which 

9? = Tfi^^r^'^) 0...0 Tf (g«) o T!,'\qf'%,z,j = 1, ■ ■ ■ ,m; (4.3) 

= {{Ti^YriQt'^) ° ■ ■ ■ ° iiTP)-'nq{'^) o {{T^'Y^nq^'^y,, j, = 1, ■ ■ ■ , m. (4.4) 

In order to express the determinant representation of T^, we would like to define the gener- 
alized discrete A-Wronskian for the eigenfunctions {qi, ^2, ■ ■ ■ , qm} of L as 



W^{qi,q2,---,qr, 



A 



HmJ 



qi q2 
Aqi Aq2 


qm 
Ag„ 




(4.5) 


m-i^^ A"^-ig2 ■ 


• A™-ig„ 






gioA-i A(gi) 
q2 o A-i A(g2) 


A(Agi) ■■ 
A(Ag2) ■■ 


■ A(A'"-2gi) 

■ A(A— 2g2) 


(4.6) 


qm o A"^ A{qrn) 


A(Ag^) ■■ 


■ A(A™-2g^) 
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Using the gauge transformation operator Td{qi), the m-step gauge transformation can be con- 
struct for 



rWtAO). rp(2)f (1). rp(3)( (2). 

^(0) (gi )^ ^(1) (gi \ ^(2) ill )^ ^(3) ^ ^ 



rp(m) ,(m~l)-, 

Li"^-^) " 4 L^™\ (4.7) 



If rji is defined by 



7]^''^ is the j-step transformed form from r]i. It is easy got r^^^j^ = qi\i = I,-- - ,m, by the 
mathematical induction. 

Theorem 4.1. [16j T/ie gauge transformation operator Tm and T^^ have the following deter- 
minant representation: 



rp _ rp{m), (m-l)\ 




T<'>(,r) 






1 






Ar72 ■■ 


Vm 


1 

A 




• • , ??m) 




A"'-% ■■ 
A"'r]2 ■ ■ 


• A-r/^ 


1 



(4.9) 



o A-i A(?7i) A(A77i) 
o A-i A(r72) A(A?72) 



A(A"^-277i) 
A(A"^-2r72) 



77^oA-i A(77^) A(A77^) ■■■ A(A"-2,7„) 



(-1) 



m— 1 



A(iy^(77i,?72, • • ■,Vm)) 



(4.10) 



iJere t/ie determinant ofT^ is expanded by the last column and collecting all sub- determinants 
on the left side of the A* with the action " o " . And T^^ is expanded by the first column and 
all the sub- determinants are on the right side with the action " o ". 



With this representation, the action of on an arbitrary function q is given by the following 
theorem. 

Theorem 4.2. Under the action of = Tj[^\q^^^^) o ■ ■ ■ o Tl^^\q[^^) o Tl^^\q^^), the trans- 
formed eigenf unctions and the r-function of the cdKP hierarchy from the arbitrary L^^^ are 
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given by 



.(•») = A(,<"-)) = A((T„_, . = ^'''H''''''"^^^-''":;'' . (4.12) 

5<") = r„ . ,<»> = = 2, . . . , m, (4.13) 

M/m(?7i,?72, ■■■,rim) 

rt^ = {T-'Tirf') = (-ir ^^-^^-+f-°^'^^'^^'---'^-^\ ^ = 2, . . . ,m, (4.14) 



one? 



^i"^ = W^^(^i,^2,...,r7j-rA. (4.15) 
And rji is defined by ^4-^ - 

5. Conclusions and Discussions 

In this paper, we have provided two types of gauge transformation in Theorem 3.4 and 3.5 of 
the cdKP hierarchy. The new solutions of the cdKP hierarchy along single- channel of difference 
type Tfi are expressed explicitly by the determinants in Theorem 4.2. This result also can be 
apply to the fc-constrained dKP hierarchy. These results gives a powerful tool to construct the 
explicit solution of the discrete soliton equations in the cdKP hierarchy. Thus we can study the 
particular effects of the discretization of dynamical variables by comparing specific solutions of 
the discrete and continue equations. We shall do it in the future. Moreover, the presence of the 
gauge transformation in the cdKP hierarchy shows again that the discretization used to define 
the dKP hierarchy is well enough so that the solvability is inherited by it. 

Different from the generating functions of the gauge transformation of the dKP hierarchy 
which can be chosen freely, the ones of the gauge transformations of the cdKP hierarchy only 
can be selected from the eigenfunctions and the adjoint eigenfunctions in the Lax operator of 
the cdKP hierarchy, which leads to the main particularity of the gauge transformation of the 
cdKP hierarchy. 
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